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Abstract. In this paper we study the orthogonality conditions satisfied by the 
classical q-orthogonal polynomials that are located at the top of the q-Hahn 
tableau (big q-jacobi polynomials (bqj)) and the Nikiforov— Uvarov tableau 
(Askey- Wilson polynomials (AW)) for almost any complex value of the pa- 
rameters and for all non-negative integers degrees. 

We state the degenerate version of Favard's theorem, which is one of the 
keys of the paper, that allow us to extend the orthogonality properties valid 
up to some integer degree N to Sobolev type orthogonality properties. 

We also present, following an analogous process that applied in | 16| . tables 
with the factorization and the discrete Sobolev-type orthogonality property 
for those families which satisfy a finite orthogonality property, i.e. it consists 
in sum of finite number of masspoints, such as q-Racah (qR), q-Hahn (qH), 
dual q-Hahn (dqH), and q-Krawtchouk polynomials (qK), among others. 



1. Introduction 

The classical orthogonal polynomials constitute a very important and interesting 
set of special functions and more specifically of orthogonal polynomials. They are 
very interesting mathematical objects that have attracted the attention not only of 
mathematicians since their appearance at the end of the XVIII century connected 
with some physical problems. They are used in several branches of mathemati- 
cal and physical sciences and they have a lot of useful properties: they satisfy a 
three-term recurrence relation (TTRR), they are the solution of a second order lin- 
ear differential (or difference) equation, their derivatives (or finite differences) also 
constitute an orthogonal family, among others (for a recent review see e.g. [5]). 

In this survey we are going to focus on classical q-orthogonal polynomials - 
also called ^-polynomials- which are polynomial eigenfunctions of the second order 
hypergeometric-type homogeneous linear difference operator 

(1-1) se = a{8) . , A _ V , , +t(x(s))- A 



Ax(s - |) Var(a) v v " Aa?(a)' 

where a{x{sj) = f er(s) + ^t(x(s))Ax(s — |) and t(x(s)) are polynomials on x(& 
with degcr < 2 and degr = I. 
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In fact they appear in several branches of the natural sciences, e.g., quantum 
groups and algebras [23j [24l [33] , quantum optics , continued fractions, theta func- 
tions, elliptic functions, . . . ; among others [5] [THl 1201 125] . 

^-polynomials have been intensively studied by the American School starting 
from the works of G. E. Andrews and R. Askey [9] arising the g-Askey tableau, 
and the Russian (former Soviet) school, starting from the works in [30] and further 
developed by N. M. Atakishiyev and S. K. Suslov (see [13j [T2l [29J [31] and references 
therein) arising the Nikiforov-Uvarov tableau. 

It is known that any family of polynomial eigenfunctions (p n ) of satisfies a 
TTRR [30], i.e. there exist two sequences of complex numbers, (/3 n ) and (7 n ), such 
that for n > 1 

(1-2) Pn+l(x) =(X- (i n )Pn{x) - 7„p n _i(x), 

with initial conditions po(x) = 1, pi(x) — x — /3q. 

On the other side, if a sequence of monic polynomials (p n ) satisfies the initial 
conditions po(x) ~ 1, pi(x) — x — (3q, and the TTRR (|1.2j) then these polynomi- 
als are orthogonal with respect to the moment functional ££q [TH §1], defined by 
■^b(Pn) = S n ,o, n > 0, i.e., for fi^ra 



If In 7^ for n > 1 then the polynomials defined by (|1.2[) . are the unique normal 
and monic polynomials satisfying the orthogonality property (jl.3[) . Moreover, if 
/?„, 7„ are real, 7„ > 0, then there exists a positive Borel measure fi such that 



This result is known as Favard's theorem (see [18], [HI p. 21]), although this result 
was also discovered (independent of J. Favard) by I. P. Natanson in 1935 [28] and 
was presented by himself in a seminar led by S. N. Bernstein. He then did not 
publish the result since the work of J. Favard appeared in the meantime. 

Our main aims here are to study the orthogonality conditions satisfied by Askey- 
Wilson and big q-Jacobi polynomials for almost any complex value of the parame- 
ters, any complex value of q and all non-negative integer degrees. In all the cases, 
the proposed orthogonality conditions characterizes such polynomials. When there 
exists a 7jv = in (jl.2[) , an extension of the Favard's result is used in order to 
establish a Sobolev-type orthogonality. In such a case we also give the factorization 



where p n is the associated polynomial of order N and degree n, which also be- 
longs to the Nikiforov-Ubarov and/or q- Askey tableaux. We present a table with 
the Sobolev-type orthogonality and the factorization for all the ^-polynomials con- 
sidered in Section 12.21 for whose TTRR there exists, at least, one N such that 
In = 0. 

The structure of the paper is as follows. The preliminaries which will be used 
throughout the paper as well as the extension of the Favard's theorem are given 
in Section 2. In Sections 3 and 4 we study the orthogonality conditions for Askey- 
Wilson and big q-Jacobi polynomials respectively for almost any value of the com- 
plex parameters. In section 5 we study the orthogonality conditions for Askey- 
Wilson for \q\ = 1. In Section 6 we give a table for all the families of g-polynomials 



(1.3) 



^o(PnPrn) = 0. 




Pn+N = PNP, 



n > 0, 



A SURVEY ON q-POLYNOMIALS AND THEIR. ORTHOGONALITY PROPERTIES 



3 



which satisfy a discrete orthogonality with a finite number of masses like g-Racah, 
q-Hahn, dual q-Hahn, and g-Krawtchouk polynomials, among others; and we finish 
this paper giving some conclusions and outlooks. An appendix is also included. 

2. Preliminaries 

In this subsection we summarize some definitions and preliminary results that 
will be useful throughout the work. Most of them can be found in [15j . 

Definition 2.1. Let (/!„) be a sequence of complex numbers (moment sequence) 
and ££ a functional acting on the linear space of polynomials P with complex 
coefficients. We say that Jzf is a moment functional associated with (/x n ) if j£f is 
linear and Jzf (x 11 ) = fi n , n > 0. 

Definition 2.2. The polynomial sequence (p n ) is a orthogonal polynomials system 

(OPS) with respect to a moment functional j£f if the following conditions hold: 

(1) p n is a polynomial of exact degree n, i.e. the polynomial sequence (j> n ) is 
normal. 

(2) £f(p n p m ) = Q,m^n. 

(3) JZ(pi) jt 0. 

This third condition is imposed in order to have a unique OPS: if _§f ip%) = 
then 

3f((p N+1 + ap N )x m ) = 0, m = 0,...,N, VaeC. 
The next result is a direct consequence of the previous definition [THl §1-2, §1.3, pp. 
8-17]. 

Theorem 2.3. Let «5f be a moment functional and (p n ) a polynomial sequence. 
The following statements are equivalent: 

(1) (p n )is an OPS with respect to Jz? . 

(2) je(Trp n ) = for all polynomials 7r , deg7r < n, while Jz?(7rp n ) ^ if the 
deg 7r = n. 

(3) 3? (x m p n (x)) = K n 5 n , m , where K n ^ 0, for m = 0, 1, . . . , n. 

It is well-known that a monic OPS (p n ) satisfies a TTRR of the form (11.21) where 
the coefficients 7„ do not vanish. The converse is also true. 

Theorem 2.4. (J. Favard) Let (p n ) be a polynomial sequence satisfying the initial 
conditions p-\ — 0, po = 1 and the TTRR ()1.2[) . where 7„ 7^ for all n > 1. Then 
(p n ) is a OPS with respect to the canonical moment functional defined as 

if(p„)=5„ >0 , » = 0,1,2,... 

On the other side, if there exists — 0, then the sequence (p n ) can not be a 
OPS since the identity 

shows that condition (3) in definition 12.21 does not hold. 

Among the generalizations of OPS, one is given by considering symmetric bilinear 
functionals: 

Definition 2.5. Given a sequence of polynomials (p n ), we say that (p n ) is a OPS 
with respect to a symmetric bilinear functional SB if the following conditions hold: 
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(1) (p n ) is normal. 

(2) 3§(p n ,p m ) = 0,m^n. 

(3) SS{p n , Pn ) ^0. 

It is usual to write (/, g) instead of 38{f, g) when there is no confusion about the 
bilinear functional acting. With this definition, the analog of theorem 12.31 is also 
valid but it is not the TTRR. 

Notice that a sufficient condition for the existence of the TTRR is the Hankel's 
property, i.e. 

(tf,g) = (f,tg), 

for all polynomials / and g, where (•, •) acts on the variable t. 

Among all the bilinear functionals we focus on the following Sobolev type ones: 

(f > g)=J? (fg)+J? 1 (®(f)@(g)), 

where Jz?o, are linear functionals and @ is the derivative, the difference, or the 
g-diffcrence operator. 

With all this overview we are going to present an extension of Favard's theorem 
for the case when some 7's coefficient vanishes. 

2.1. Degenerate generalization of Favard's theorem. Consider the sequences 
(/3 n ) and (7^) of complex numbers and the polynomials generated by the following 
recurrence relation: 

(2.1) Pn+i(x) = (x - f} n )p n (x) - 7 n p n _i(a;), 71 = 1,2,..., 

with initial conditions Pa(x) = 1 and pi(x) = x — /3q. By Favard's result, we define 
for n > the moment functional as 

Notice that in such a case, JOb(PnPm) — for all n ^ m. 

It is important to point out that if there exists N so that 7^ = 0, then J£(p 2 N ) = 
and thus the functional Jz?o does not determine the complete polynomials sequence 

(Pn)< 

In order to give an orthogonality that characterizes the family polynomials (p n ), 
we need to consider a linear operator : P — > P, and polynomial sequence (p n .i) 
satisfying the following conditions: 

(1) deg( t fJ ? !(p)) = deg(p) — 1 for any polynomial p. 

(2) The polynomial sequence (p n ,i) is defined by 

dot &i(Pn) ^ -, 

Pn-1,1 = , n > 1, 

Cn,l 

where c n ,i is the leading coefficient of .5?i{x n ), and it satisfies, for n > 1, 
the recurrence relation 

P n+ X t l(x) = (x - Pn,\)Pn,l{%) ~ 7n,lPn-14( a; )> 

where the sequence (7n,i) is such that there exists a strictly increasing 
mapping 

A:{neN: 7n ,i = 0} — > {n e N : 7„ = 0} , 
with A(n) > n. 
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Observe that this last condition basically means that, after the action of the 
possible vanishing 7's are shifted to a lower degree. In fact, for many families of 
g-polynomials and their relative natural g-difference operator the condition about 
A writes 

(2.2) 7M = <^> 7n+ i = 0. 

Under these hypothesis, (p n ,i) is also a monic orthogonal polynomials sequence with 
respect to some moment functional, namely This procedure can be iterated j 
times giving a sequence of operators 3j, recurrence coefficients, (/3 ra ,j) an d (ln,j), 
and moment functionals ££j so that the family 

{.%o---o ^ 2 o ,sr 1 ( Pn+k )) 1 

is orthogonal with respect to Jzffc. If we denote by = f 3k • • • then 

(2.3) p n +l,k = (X - j3 n ,k)Pn,k ~ ln,kPn-l,k, P0,k = 1, Pl,k = X - /3 ,fe, 

^k(Pn,kPm,k) = 0, n^m. 

Taking into account this construction we can state the degenerate generalization of 
Favard's theorem. 

Theorem 2.6. Let (p n ) be a polynomials sequence satisfying the TTRR (|2.1[) , so 

that there exists a unique N € N so that 7jv = 0. then (p n ) is the unique (monic) 
polynomial sequence that fulfills the orthogonality conditions 

(2.4) ( Pn ,p m ) = J? (PnP m ) + J? N {? {N) {Pn)3 {N) {p m )) = 0, n ? m. 

The choice of &( N > and its link with jSfjy guarantees that (p n ,p m ) = for all 
n m. Hence, we only need to check the orthogonality conditions (p n ,Pn) ^ 
Vn > in order to prove that (p n ) is a MOPS (thus the family (p n ) is characterized 
by the orthogonality property). 

If n < N then, by hypothesis, 

(Pn,Pn) = ^o(Pn) = 7n ' " " 7l + °) 

and if n > N then, taking into account (|2.3p . 

( Pn ,p n ) = ^ N {^ N \p n ).^ N \p n )) = J? N (p n -N,Npn-N,N) 

7n-N,Njn~N-l,N ■ ■ ■ Jl,N , n n 
^n-N,N 

Remark 2.7. Notice that if there exists N' < N such that 7 n ,jv > 0, for all n, and 
the 7's coefficients satisfy 71, ... , 7jv-i > then, the value N in formula (|2.4[) can 
be replaced by TV', and in such a case the proof of the statement is similar. Now 
(fn,Pn) depends on the operators «5fo and JSfjy/ and, in this case, it is the sum of 
two positive terms which do not vanish simultaneously. 

Corollary 2.8. Let (p n ) be a polynomial sequence satisfying the TTRR (|2.ip . and 

let A = {n G N : 7„ = 0}. Then (p n ) is the unique (monic) polynomial sequence 
that fulfills the orthogonality conditions 

(2.5) ( Pn , Pm ) = J? ( PnPm ) + ]T &k{& {k) {PnW {k) {Pm)) = 0, n ? m, 
being si = {N a , N u ...} with N j+1 = Nj + mm{n : 7„ jA r j = 0}. 
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The proof is straightforward taking into account the proof of theorem 12.61 

Remark 2.9. Observe that if A is a finite set, then is also finite as well. Moreover, 
in (|2.5[) for any two polynomials there is always a finite number of non vanishing 
terms, so the result of corollary 12.81 remains even if the set si is a infinite set. 

Among the operators & satisfying the imposed conditions one of the most nat- 
ural ones is as follows: 

^(p)(x) ^ J? ( P(t) t Z P x {X) ) , Pn,l = *(P») = P™, 

here S£q acts on the variable t. This is due the fact that this operator commutes 
with the multiplication operator by x, thus the coefficients of the TTRR are shifted 
by 1, i.e., for n > 1, 

Pn+i( x ) =(x- f3 n+1 )pil } (x) - 7„+ip| l 1 2 1 (a;). 

Notice that, although theorem 12.61 seems to be new, it has been used implicitly in 
[16] where the operator 3Tj is the forward difference operator A and it is applied to 
Racah, Halm dual Hahn, and Krawtchouk polynomials. Orthogonality conditions 
of this type were also used in [U |3l IH [25] for Laguerre and Jacobi polynomials 
where the operator ^ \ = 2? is the standard derivative, providing a Sobolev type 
orthogonality to these families. We are going to focus throughout this paper on the 
orthogonality properties of g-polynomials where the operator ^ is a ^-difference 
type operator. 

2.2. The g-Askey and Nikiforov-Uvarov tableaux. In this section we summa- 
rize the data for the classical g-orthogonal families of the g-Hahn tableau assuming 
that a(x) is a monic polynomial (see, e.g., [331 [2TJ (5^1 [221 [5] ) ; We also include the 
two families of ^-polynomials found by R. Alvarez-Nodarse and J. C. Medem in [7], 
namely the "O-Jacobi/Bessel" ^-polynomials (OJB), and the "O-Laguerre/Bessel" 
g-polynomials (OLB) (see also cf. [5J pp. 214-217]). 



Family 


Hyp. Repres. 


Family 


Hyp. Repres. 


cdqR 


3 ip 2 (ae lti , ae~ w ; ab, ac\q) 


b(?J 


3 ip 2 (abq n+1 ,x;aq, cq\q) 


qR 


3 ip 2 {af3q n+1 ,x;aq,q~ N \q) 


dc?H 


3^2 (q~ x , jSq x+1 ; jq, q~ N \q) 


OJB 


2 ip 1 {aq n ;-\xa^ 1 b~ 1 ) 


bqh 


3 f 2 (0,x;aq,bq\q) 


\qj 


2 <pi(abq n+1 ;aq\qx) 


qM 


2 (p 1 (x;6q|-g»+ 1 c- 1 ) 


QqK 


2 i Pl (x- 1 q- N \pq n + 1 ) 


AqK 


2 (p 1 (q~ N x;q~ N \xp- 1 ) 


qK 


2 <p 1 (x;xq N - n+1 \ -pq n + N+1 ) 


dqK 


2 fi(x; xq N ~ n+1 \cqx~ 1 ) 


OLB 


2^i (0; -\xci~ 1 ) 


IqL 


2 ipi(0; aq\qx) 


qL 


2 i Pl (-x;0\q n + a + 1 ) 


AqC 


2 tp 1 (-aq n ;0\qx) 
2 tpi(x- 1 ;Q\qxa~ 1 ) 


qC 


2 (p 1 (x;0|-q"+ 1 a- 1 ) 


ACI 


ACII 


2^\{x\-\q n a- 1 ) 


sw 


m(;0|-g n+1 o!) 



Table 1 . Basic hypergeometric series representation of some ^-polynomials 



Notice that the families for which a is not a polynomial on x(s) are not included 
in some of those tables; moreover to simplify the notation, we use for table [1] the 
following reduction: 



rtp e (a; b\z) = r ip s 



q;z 
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a(x 


) 


(q- I)t(x) 




p n {x) 


(x- 


- aq)(x — cq) 


{abq 2, — l)x + q[a + c — abq — 


acq) 


z>n (x: a, b. c: a) 


It 

(x - 


- L){X — aq ) 


\otpq — i jx ~\- ± — otyq — y 


PQ ) 


n n (x,iv,q) 


(x - 


- aq) {x — bq) 


— ,x qi^a -\- b — abq) 




p n (x; a, b; q) 


(X 


q ){x — pq) 


rr i n ( n -N-l i - n -N+i\ 
x -f- g^g -+- g g j 




K n \ X iPl JV ) D 


In,. 

(x - 


- l)(x - a) 


—.x + 1 + a 




u n (x;q) 


x(x 


L ) 


\auq i jx v I. aq 




p n \x, a, o\qj 


xi^x 




( 1 1 fi/"Y^ T* 1 ( vin n ^ \ 

[i -t- p^jx -f ^p</ g j 






x{x 


- 1) 


-(at? + + 1 




£;„ fx; a; a) 


x(x 


-1) 


—x + 1 — aq 




p n (a:;a|g) 


x 2 




(aq — l)x — abq 




j n (x;a,b) 


x 2 




—x + aq 




l n {x;a) 


x — 


bq 


qcr x x — qc^ 1 — 1 + bq 




m n (x;b, c; g) 


x — 


1 


-pq 2 ~ N x + ql - N - 1 + pq 




^ tm (a;;p,iV;g) 


X 




qx — 1 




s n (as;g) 


X 




aqx — aq — 1 




^i Q) (x; g ) 


X 




qa~ l x — qa^ 1 — 1 




c„(x;a;g) 


1 




a cc — a -1 — 1 







Table 2. Basic data of some monic g-polynomials of the g-Hahn tableau 




Figure 1 . Most of the known links between g-polynomials 



On the other hand, since the characterization theorems characterize the g-poly- 
nomials (see e.g. [21GI1Q2]) tnen ^ i s a direct calculation by using table [5] to check 



s 



ROBERTO S. COSTAS-SANTOS AND JOAQUIN F. SANCHEZ-LARA 



the following identities: 

p n (x + aq; a, a; q) =l n (x; a - a 2 q), 

p n (x + aq; a, b, a; q) =j n ( x 'i a bq, 1 + ab^ 1 — — aq). 

Although most of the identities we present here are already known (see [2TJ §4]) we 
believe it is a good idea to show them here (see table [5]). 

3. The Askey- Wilson polynomials 

This family of (/-polynomials, which were introduced by R. Askey and J. Wilson 
in [10], are located at the top of the q- Askey tableau. The monic Askey- Wilson 
polynomials can be written as a basic hypergeometric series |21[ p. 63] 

i i j i \ (ab;q) n (ac;q) n (ad;q) n ( q- n ,abcdq n ~ 1 ,ae w ,ae~ ie 
Pn{x; °' 6 ' C ' dlq) = (2ar(abc dq ^;q) n ^ { ab, ac, ad ^ q 

with x = cos9. Moreover they fulfill, for n > 0, the TTRR 

(3.1) Xp n (x) = p n +l{x) + fi n p n {x) + J n Pn-l(x), 

where /?„ = (a + a -1 - A n - C n ) /2, and 7„ = A„_iC„/4 being 

(1 - abq n ){\ - acq n ){\ - adq n )(l - abcdq n - 1 ) 

n ~ a(l - abedq 2 ™- 1 )^ - abcdq 2n ) ' 

a(l - q n )(l - beq™- 1 )^ - bdq"- 1 )^ - cdq"- 1 ) 

n ~ (1 - abcdq 2n - 2 )(l - abcdq 2n - r ) ' 

Observe that, since A = {n € N : 7„ = 0}, then 

A = <*=^> ab, ac, ad, be, bd, cd $ Q(q) d = {q~ k : k e N }. 

In the forthcoming sections we only consider normal polynomials sequences there- 
fore abed £ 0(g). 

3.1. The orthogonality conditions for \q\ < 1. It is known that if the pa- 
rameters a, b, c, and d are real, or occur in complex conjugate pairs if complex, 
max{|a|, |6|, |c|,g?|} < 1, the family fulfills the orthogonality conditions [IT] 

(3.2) TT - / Pm(x)p n (x) ^UL dx = d 2 } AW) S n>m , u, m > 0, 



2W-i v — 'y^x 2 
where d 2 ^ AW " > is the squared norm of the monic Askey- Wilson polynomial of degree 



(3 3) d 2{AW) = {abcdq 2n ;q) c 



A n (abcdq n 1 ; q) n (q n+1 , abq n , acq n , adq n , bcq n , bdq n , cdq n ; g)oo ' 
and 



lu(x) 

with 



(e™;q) c 



(ae w ,be i9 ,ce ie ,de ie ;q) c 



h(x,l)h(x, — l)h(x,qz )h(x, — q? ) 
h(x, a)h(x, b)h(x, c)h(x, d) 



h{x,a) d = f[{l - 2axq k + a 2 q 2k ) = {ae ie ,ae-' w ;q) txi , x = cos( 



def 

fc=0 
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Observe that the orthogonality conditions given in (|3.2j) are a particular case of 
the non-hermitian complex orthogonality conditions 

(3.4) J^p n {^—\ Pm ( i± ^) W(z)dz = <% AW h n , m , n^m, 

which were obtained by Askey and Wilson (see [ID]), being 

1 ( z + z^ 1 
W{z) = —w 



The poles of w are 

aq k + (aq k )~ 1 



a = a,b,c,d, k € Nq 



2 

therefore W has convergent poles, since \q\ < 1, at 

aq k , bq k , cq k , dq k , k E N , 

and divergent poles at 

a- 1 q- k , b- 1 q- k , c~ Y q- k , d -1 g- fc , k G N . 

The contour T is a curve separating the divergent poles from the convergent poles, 
encircling them only once. In fact, if the parameters satisfies max{|a|, |6|, |c|, \d\} < 
1 then r can be taken as the unit circle, otherwise it is a deformation of the unit 
circle. 

The poles can be separated only if 

a 2 ,b 2 , c 2 ,d 2 , ab, ac, ad, be, bd, cd ^ n(g), 

so in the following we focus our attention when this does not occur. Looking at the 
expression of the coefficient 7„, it vanishes only if 

ab, ac, ad, be, bd, cd ^ Q{q), 

and since any rearrangement of the parameters does not change the polynomial, it 
is enough to study the following three key cases: 

• only a 2 € f2(<?), 

• only ab G fl(q), 

• or only a 2 = q~ M and ab = q~ N , with M < N — 1, belong to tt(q). 

3.1.1. a 2 6 Q(q) and ab,ac,ad,bc,bd,cd ^ Q{q)- Although the poles can not be 
separated, there is no 7„ vanishing in the TTRR, so we look for a simple reformu- 
lation of (|3.4j) . Let us assume a 2 = q~ AI with M £ No, then the poles that can not 
be separated are 

Z = {q- M/ \ q l - M/2 , • • ■ , q M/2 }, or Z = {-q^ 2 , -q 1 ^ 2 , ~q M ' 2 }. 

Notice that if some of these poles coincide with the generated by b, then ab £ Q(q) 
which is not possible in this case. Hence Z has empty intersection with the rest of 
the poles of W. 

We consider this case as the limit for p„(»; a, b, c, d; q) with a — > a, so the poles 
of W{»; a, b, c, d; q) can be separated adequately. Thus the orthogonality conditions 
(|3.4j) are valid and can be expressed as 
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where the curves T[ and T' 2 separate the poles. Therefore these curves can be 
deformed in order to obtain the integral through two curves, Ti and T2, such that 
they separate the convergent poles from the divergent ones, but the poles in Z 
which stand between the two curves, with several residues added (see next figures) . 




When a — >■ a, the poles aq k with k < M and a~ 1 q~( AI ~ k " > converges to aq k and 
it can be seen that the sum of the two residues at this points tends to zero. So the 
limit a — ¥ a yields 



Pn 



riur 2 



Pr, 



W(z)dz = dlS n 



2 / V 2 
with d\ the normalizing factor given by (|3.3[) . 

3.1.2. ab = q- N+1 and a 2 ,b 2 £ {q°, . . . , q~ N+2 }, i.e lN = 0, so N <= A. The 
orthogonality conditions depend on the size of A (see corollary I2.8[) . so we show 
how it is in the simplest case A = {N}, i.e., ac, ad, be, bd, cd £ 0(g) \ {q~ N }. 

Since monic g-Racah polynomials can be written in terms of the basic hyperge- 
ometric functions as [21] (3.2.1)] 



r n (ii(x);a,P,i,5\q) = 4^3 



,aPq n+1 ,q~ x , 1 5q x+1 
aq,(35q,^q 



q;q 



with fi(x) — q x + j5q x+1 , the following identity linking Askey- Wilson and q-Racah 
polynomials holds 

p n (x; a, b, c, d; q) = r n (2ax; q~ N , cdq -1 , adq~ x , ad~ x ; q), 

and it yields the moment functional ,2o i n theorem 12.61 which is the one known for 
q-Racah polynomials 

(q~ N+1 , ac, ad, a 2 ; q)j 



(3.5) Jgf (p) 



JV-l 

^ (q,a 2 qX,ac^q,ad-^q;q) ] (cdq- N y (1 - a 2 ) 



(1-aW fq-i+a 2 ^ 
P { 2a 



Notice that the assumptions on a 2 and b 2 guarantees the definition of Jzfo- 
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Furthermore, since 

q n — 1 

%p n {x;a,b,c,d;q) = ^— — ^ p n -i(x; aq 1/2 , bq 1/2 , cq 1/2 , dq 1/2 ; q), 
where the g-difference operator, also called the Halm's operator, is 

{ f(z), z = V q = 1, 

the operator <f7" can be chosen as @ q and the condition (|2.2[) holds. Hence, for 

n > iV, 

(„n—N+l . „\ 

^p n (x;o,6,c,d; g ) = -if^^x; a^/ 2 , &^/ 2 , c^/ 2 , d^/ 2 ; «), 

so _Sfjv is the moment functional associated with the Askey- Wilson polynomials 
with parameters aq N / 2 , bq N / 2 , cq N l 2 , and dq N / 2 : i.e. 

where 

«;(*) = «;(*; a^/ 2 , bq N ' 2 ,cq N ' 2 , dq N / 2 ;q), 
and r is a contour which separates the poles. Then, by theorem 12.61 the poly- 
nomial sequence (p n (x;a,b,c,d)) is uniquely determined, up to a constant, by the 
orthogonality conditions, for n ^ m, 

(p„(»; a, 6, c, d; q),p m (u; a, 6, c, d; g)) = 3?o(p n Pm) + -&N(@q (p n )@* (Pm)) = 0. 

3.1.3. ab = q- N+1 and a 2 = q~ M , with M € {0, . . . , TV - 2}. Also the form of the 
orthogonality depends on the numbers of elements of A. For simplicity, we see only 
the case when the cardinal of A is one, and when A is greater, the orthogonality is 
given by corollary 12.81 

The orthogonality is basically the same that in the case !3.1.2l but now <i?o is not 
valid since it has lost several orthogonality conditions. The adequate form of J2?o is 
obtained as a limit case. Let us consider the linear functional 

JV-l 

^(p)= £A,-(a)p(M,-(a)), 

with fij(x; a) — (aq J + a q~ J )/2, and 

{q- N+1 ,ac,ad, a 2 ;q) 3 (1 - ot 2 q 2 i) 

iW (q,a 2 q N ,ac- 1 q,ad- 1 q;q) J {cdq~ N )i (1 - a 2 ) ' 
Straightforward computations yields 

A j {a) = 0, 

for j £ {M + 1, . . . , N - 1} and j = M/2 if M is even, and 

Aj (a) + A M -j (a) = 0, fij (a) = fi M -j (a), 

for j G {0, . . . , M} but j = M /2 if M is even. Thus Jz? Q tends to the null functional. 
But since it is possible to consider any normalization, we remove the common factor 
(a -a), 

lim ( ( a )) = A'Ja)p(fx{a)), 

a-Hl a — a 
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for j = M + 1, . . . , N and if M is even j — M /2, and also 
Urn 



Aj(a)pQij(a)) + A M -j(a)p(fiM-j(ot)) 



a->a a — a 

= (4(a) + A' M _ 3 (a))p{ N (a)) + ^(a)(«f q M ^)p' ( W (a)) 

for j = 0, . . . , M but if M is even j ^ M /2. 
Hence we define J?fo a s 

(M-l)/2 

£ (P) = E + A' M _ 3 {a))p{ H {a)) + A,.(a)(g* - «^y^(o)) 

3=0 

j=M+l 

if M is odd, and 

M/2-1 

Co(p) = £ (4(°) + A' M _»)p( W (a)) + Aj(a)(^ - q M ^)p'{ H {a)) 

3=0 
JV-1 

+ E ^.(o)p(/ij(a)) + A' M/2 (a)p(/x M/2 (a)) 

j=M+l 

if M is even. The Askey- Wilson polynomials of degree at most N with ab = q~ N+1 , 
a 2 = q~ M and M — 0, ... N — 2 are uniquely determined by the orthogonality 
property: 

5? (p n p m ) = 0, 0<m<n<N. 
In particular, ppj has simple roots on Pj(a), j = M + 1, . . . , N and on PM/2( a ) if 
M is even; the rest of the roots, pj(a), j = 0, . . . , [(M — l)/2] are double. 

The moment functional Jzfjy m theorem 12.61 is the same that the one given in 
section 13.1.21 

3.2. The orthogonality conditions for \q\ > 1. Taking into account the relation 
between basic hypergeometric series |21l p. 9] 



(3.6) 4^3 



q n ,a,b,c 
d,e,f 



q;q = 4^3 



_i a&cg 

o 



de/ 



We can relate each family of g-polynomials on the parameter q into another family 
of g-polynomials on the parameter g _1 . In fact in this case it provides 

p n (x; a, 6, c, d|g _1 ) = p„(a:; o -1 ,6 _1 , c -1 , 

Therefore if \q\ > 1 we can get analogous orthogonality conditions just using this 
relation and the orthogonality conditions given in Section [3.11 for |g| < 1. 

If q is a primitive root of unity, i.e. q = e 2 ^ lM / N with gcd(A, M) = 1 then 
{kN : k 6 N} C A, so, by corollary 12.81 for k = 1 we need to construct the 
following orthogonality property for the Askey- Wilson polynomials up to degree iV 
[H], i.e. 

N-l 

(3.7) E Pn{x s )p m {x s )u s = 7i • • • 7„<5„, m , 

s=0 
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where n, m = 0, 1, . . . , N— 1, {xs^Sq 1 are the zeroes ofpN, and the weight function 
is 

7i ' ' ' 7JV-1 



a \- s ) — TZ7T\ h a \ s )—^ZJ-\ A„Aa;(s - ±)p n (x(s)) = 0, 



p N -i(x s )p' N (x s )' 

Observe that the only requirement to be added is that all zeros x s must be simple. 

Since the method considered in [31] to obtain lu s can be applied to obtain such 
weights functions to other families of ^-polynomials, next we give a brief outline of 
it. 

It is known that Askey- Wilson polynomials are polynomial eigcnfunctions of the 
second order homogeneous linear difference operator: 

, APwQc(g)) , Vp n (x(s) ) 

Ax{s) {S> Vx(s) 

being a(s) = -{q 1 ' 2 - g" 1 / 2 ) V 2s+1 / 2 (g s - a)(q s - b)(q s - c){q s - d), and their 
corresponding eigenvalues 

A„ = -4g-" + 1 (l - q n ){l - abcdq"- 1 ). 

Notice that such difference operator can be rewritten, by using the definition of 
the difference operators A and V, as [2TJ Eq. (3.1.7)], [32l Eq. (3.6)] 

Aiz-^p^q- 1 z) - (A(z) + A{ Z - 1 ))p n {z) + A(z)p n (qz) = X nPn (z), 

where A(z) = (1 - az)(l - bz)(l - cz)(l - dz)/((l - z 2 )(l - qz 2 )). Therefore, 
multiplying the previous equation by a function p{s) satisfying the only requirement 
of periodicity p(s + N) = p(s), and combining it with a similar equation for the 
polynomials p m {x s ), one can get a bilinear relation: 

A s a(s) (p n (x s -i)p m (x s ) - p n (x s )p m (x s -i)) 
+C s a(s) (p n (x s+1 )p m (x s ) - p n (x s )p m (x s+1 )) 
= (A„ - X m )a(s)p n (x s )p m (x s ). 

Choose p(s) in such a way that 

(3.8) A s+lP (s + 1) = C s p(s), 

summing from s = to s = N— I and using the obvious periodicity property of 
p(s) we get the orthogonality property: 

N-l 

(A„ - A m ) Pn(xs)p m (xs)p(s) = 0, b / to. 

Hence uj s = ujop(s), with uiq is the normalization constant, is determined from the 
relation (13~B . 

Spiridonov and Zhedanov found that the polynomials (p„(»; a, b, c, d; e 2 ^ lM / N ^^ 
with < n < N, under the assumptions 

abed, ab, ac, ad, be, bd, cd ^ q k , k = 0, . . . , N — 1 , 

are uniquely determined by the orthogonality conditions 

^o{PnPm) = d 2 S„, m , d 2 n 7^ 0, 

being 

j%(p) = y f_9_V (l-^ 2j )K6r,cr,dr;g) 3 ■ + ^ 

^—^ \abcdJ (1 — r 2 )(qr/a,qr/b,qr/c,qr/d;q)j 



14 



ROBERTO S. COSTAS-SANTOS AND JOAQUIN F. SANCHEZ-LARA 



and r the root with minimal argument of the equation 



- N = E N /2+JE%/4-l, 



being 

a N + b N + c N + d N - (abc) N - (abd) N - (acd) N - (bcd) N 



E 



N 



1 - (abcd) N 

Remark 3.1. A straightforward computation shows that 

dcf / q \ s (1 — rq 2s )(ar, br, cr, dr; q) 6 



Pis) 



.abed) (1 — r 2 ){qr/a, qr/b, qr/c, qr/d; q) s ' 
satisfies the condition (|3.8p . A hint for such calculation can be found in [17j Lemma 
5.1]. 

Due to the cyclic behavior of the TTRR coefficients and since = 0, these 
polynomials satisfy the identity 

Pn=PNPm, n = £N + m, < m < N, 

which explains the behavior of the polynomial for greater degrees. However corol- 
lary [2J2 is applicable. For n > N 

9qP n (x;a,b,c,d;q) = — ^ _ ^ N N p n -N{{~l) M x;a,b,c,d;q), 

so the orthogonality conditions that characterizes all polynomials are the following: 

• If M is even: 

oo 

(p n ,p m ) = J2^0(^ j (Pn)^ j (Pm)). 
3=0 

1 

• If M is odd: 

OO 

(Pn, Pm ) = J2^0(@ 2 q jN (Pn)® 2 q jN (Pm)) +^ N (^ + 1)N (Pn)^ + 1)N ( Pm )), 
3=0 

being 

&n(p) = Y ( — V 0--rq 2j )(ar,br,cr,dr;g) j , } _ ^ . _ 

^ \abcdJ (1 — r 2 )(qr/ a, qr/b, qr/c, qr/d; q)j 



3=0 



4. The big g-JACOBi polynomials 



The big g-Jacobi polynomials, which were introduced by Hahn in 1949, are lo- 
cated at the top of the g-Hahn tableau. The monic big g-Jacobi polynomials can 
be written in terms of basic hypergeometric series as [HJ p. 73] 

t i -i \ / u \ ( a q,cq;q)n ( q~ n ,abq n+1 ,x 

(4.1) p n (x; a, b, c; q) = ^-^- .y, ^ ^ ^ g; q 

In fact they are the most general family of g-polynomials on the g-exponential 
lattice, also called g-linear lattice; and they appear, among others branches of 
physics, in the representation theory of the quantum algebras |33j . The monic big 
g-Jacobi polynomials fulfill, for n > 1, the following TTRR: 

(4.2) xp n (x) = p n +i(x) + f3„p n (x) + 7„p„_i(x), 



A SURVEY ON g-POLYNOMIALS AND THEIR ORTHOGONALITY PROPERTIES 15 



with p n = 1 - A n — C„, and j n = A n -xC n being 

(1 - aq n+1 )(l - abq n+1 )(l - cq n+1 ) 



A,, 



1 - abg2"+i)(l - abq 2n + 2 ) 

1 (1 - q n )(l - a6c- V)(l - bq n ) 



n q (1 - abq 2n )(l - abq 2 ^ 1 ) ' 

Remark 4.1. Observe that if a = then the coefficients j n — for all n £ No, and 
if b = 0, or c = 0, then the big g-Jacobi polynomials become the big g-Laguerre or 
the little q-Jacobi polynomials respectively, which are located below in the g-Askey 
tableau thus we omit these cases. 

A slightly less detailed study on orthogonality conditions for the big g-Jacobi 
can be found in [27] . 

4.1. The orthogonality conditions for \q\ < 1. It is known that if < q < 1, 
< a,b < q^ 1 , and c < the family of big g-Jacobi polynomials fulfills the 
orthogonality conditions [21, p. 73] 

(4.4) ( — — ^'-1 X '^°° Pn(x; a, b, c; q)p m (x; a, b, c; q)d q x = d 2 n ( - BqJ) 5, hm , 

Jcq ( x : t>C X\ q)oo 

where the Jackson g-integral (see [2Ql[21]) is defined as follows 

/l) oo oo 

f(t)d q t = a(q - 1) ]T /(ag s )g s - b(q - 1) £ f(bq s )q s . 
s=0 s=0 

The aim of this section is to give orthogonality conditions for the big g-Jacobi 
polynomials for general complex parameters, including complex \q\ < 1, except for 
those for which the family is not normal, i.e. ab g 17(g) . 

In fact, notice that if the parameters belong to compact sets where the integrand 
in (|4.4j) is bounded, hence such series converges uniformly. Thus we can apply the 
Weierstrass theorem and analytic prolongation in order to asserts that (|4.4|) is valid 
for 

a, 6, c, abc^ 1 ^ £l(q), 

which it is equivalent to A = 0, therefore in the following we focus our attention in 
the case A ^ 0. More precisely, we study the cases for which this set has exactly 
one element, namely N. If this set is greater we refer the reader to corollary [ 



4.1.1. c = q N and a,b,abc 1 ^ £7(q) \ {g N }. Taking into account that the big 
g-Jacobi and g-Hahn polynomials are linked through the relation 

p n (x;a,b,q- N ;q) = ht b) (x;N-l;q), 



the moment functional _S?o in theorem 12. 61 is the one known for the g-Hahn polyno- 
mials [21] with parameters a, b and N — 1. 

N — 1 / — JV+1 \ 

(4-5) J%(P) = E (TbX-^ a) {abqyX P{q ~ X) - 

x=0 y ' q ' x 

Moreover, since 

— n i 

%-,h^\x;M;q) = L-—L h £f q) (x;M- l;g), 
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the operator 2F in theorem [2J2 can be chosen as S>g-i and the condition (|2.2|) holds 
(see the relation between g-Hahn and big g-Jacobi polynomials and the expression 
(|4.3[) for the coefficients j n ). Also, for n > N, 

%-iPn{x;a,b,q \q) = ^_ p n - N (x; aq ,bq ,l;q). 

Accordingly with these expressions and the weight function for the big g-Jacobi 
polynomials with parameters aq N , bq N and 1, if we define 

Xn(p) - J q {bqNx . qU V, 

then, by theorem 12 .61 the orthogonality conditions for n ^= m, 
(p„(.; a, 6, g- w ; g),p m (»; a, 6, q- N ; g)) = i? (PnPm) + &n{?%-x (Pn)9?-i (Pm)) = 0, 

determine uniquely the big g- Jacobi polynomials for all non-negative integer degrees 
up to a constant factor. 

4.1.2. a = q- N , 6, c, abc" 1 £ fi(g) \ {q~ N }. By using the identity 
(4.6) p n (x;a,b,c;q) = p n (x; c, abc' 1 , a; q), 

which can be obtained easily from the hypergeometric representation (|4.1[) or from 
the TTRR (|4.2|) , this case is reduced to subsection 14.1.11 

4.1.3. b = q~ N and a, c, abc^ 1 ^ fi(g) \ {q~ N }. The orthogonality in this case can 
be obtained taking the limit b — s- q~ N . 

Multiplying relation (|4.4j) by the factor (b — q~ N ), taking limit b —> q~ N , and 
removing some non- vanishing constants one gets, for n =/= m, 
(4.7) 

N — 1 . _j s' + l s ; + l \ —N s' 

The others terms of the two series in the series representation for the Jackson 
g-integral, vanish after taking the limit since these series converges uniformly for b 
in a compact neighborhood of q~ N . 

Reversing the summation and using the identity 

(a;q) a = (a-V-;q).(-a)'q®, 

orthogonality property (14.71) can be rewritten as 
(4.8) 

N— 1 / _i _j\r+l — iV+1 \ fJV— l)s 

[ ac 1 t 1 )Q)s q / N —s -N x , N -s -N s r, 

y. 7 _! _ N+1 \ — P n (cq q ;a,q ,c;q)p m (cq q ;a,q ,c;q) = 0. 

s=0 ( c 1 ^q^q)i> a 

Comparing (|4.5[) and (|4.8[) . we get 

p n (x; a, q- N ,c; q) = c n q nN 'h^'^ '(^V* x; N — l;q) 

(4.9) = ^^^(c-^-^as; acT V* , c, g" w ; g). 

The used identities are not valid for several configurations of the parameters, how- 
ever (|4.9[) is also valid for these configurations by using analytic continuation. Thus 
the case treated in this subsection can be reduced to the case considered in subsec- 
tion §4.1.1l bv setting x i-» c~ 1 q~ N x. 
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It is curious that identity (|4.9|) has the hypergeometric form 



3^2 



q- n ,aq n - N+1 ,x 
aq, cq 



q;q 



C n q nN (ac- 1 q- N +\q- N+1 ;q) n 



(aq, cq; q) n 
which coincides with [501 (3.2.6)] 



-3^2 



q- n .aq n - N+1 1 c- 1 q' N x 
ac -i q -N+\ q -N+l 



q;q , 



W2 



q n ,aq n ,b 
d,e 



de\ (aq/d,aq/e;q) n ( de\ 
ab (d,e;q) n \ a 1 J 



q n ,aq n ,abq/ de 
aq/d, aq/e 



q 

^b, 



in the parameters but it does not in the arguments if one sets a = aq N+1 , b = x, 
d = aq, and e = cq. 

4.1.4. abcr 1 = q~ N and a, b, c ^ 0,(q) \ {q~ N }. Once again, by (|4.6p . this case can 
be reduced to the case in subsection i)4.1.3l 

4.2. The orthogonality conditions for \q\ > 1. Identities (|3.6[) and (3.2.2) in 



3f2 



q n ,a, 



d, e 



q\q 



{e/a;q)r 
(e;q) n 



-a 3^2 



q n ,a,d/b 
d,aq^ n /e 



bq 



yield 



3^2 



q- n ,abq n+1 ,x 
aq, cq 

{,{ " hq) ^ q ~ 1)n (abr q 



q;q 



n +n 



3^2 



q n ,{ab)- 1 q- n - l ,{aq)- 1 x 
{aqy 1 , c(abq)- 1 



q-^q- 1 



(cq^q- 1 ) 

which in terms of big q-Jacobi polynomials writes as 

p n (x;a,b,c;q) = ^— — p n (a~ 1 q~ 1 x; a -1 , b^ 1 , ca _1 6 _1 ; q^ 1 ). 

(a L q L ) n 

Hence the orthogonality conditions for big g-Jacobi polynomials with \q\ > 1 follow 
from section |4~T1 

If q is a primitive root of unity, i.e. q = e 27rlM / N with gcd(7V, M) = 1 then 
{kN : k <E N} C A, and as we did for the Askey- Wilson polynomials, the set of big 
g-Jacobi polynomials (p n (x; a, 6, c; q))^— under the assumptions 

a, b, c, ab, abc^ 1 ^ q k , k = 0, . . . , N — 1, 

are uniquely determined by the orthogonality conditions 

■%b(PnPm) = <^n,m, <4 7^ 0, 

being 



N-l 



UJ - 



( ra 1 q 3 ,rc V;g) c 
{rq : >,rbc~ 1 q j ;q) o 



-q s p(rq J ), 



with initial condition Jz?o(l) = 1, and r the root with minimal argument of the 
equation 

a N + c N - (ab) N - (ac) N 



r N = 



1 - (ab) 



N 
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Moreover, since for n > N 



(qn-N+i. q\ 

@qPn(x] a, b, c; q) = — - ^ - p n - N (x; a, b, c; q), 

the orthogonality conditions that characterizes big g-Jacobi polynomials in such 
case are 

oo 

Remark 4.2. In |32j the particular case c = 1 is considered and, in such a case, they 
got 

(l-a N )(l-abq)(b;q) s s 
Us aq(b-l)(l-a"b")(a-i;q) s q ' 



5. Extending orthogonality properties valid up to degree iV 

The aims of this section are for one side to present the factorization for those 
q-polynomials for which there exists an N such that 7jv = 0, and hence an orthog- 
onality until degree N takes place, and for the other we extend that orthogonality 
properties for all non-negative degrees obtaining a Sobolev type orthogonality prop- 
erties. 

Taking into account the basic idea about how the factorization process works is 
already known (see e.g. |16| ) we only show the sketch regarding the factorization 
for the g-polynomials. 

Since g-polynomials fulfill, for n > 0, the TTRR 

Pn+l(x) = (X- P n )p n (x) - JnPn-l(x), 

with p_i = 0, po(x) = 1, observe that if there exists some integer TV > so that 
7w = 0, then it is straightforward to check that, for n > N, the following relation 
holds: 

(5-1) Pn=PNPnJ N , 

where (p^) is the family of Nth associated polynomials which fulfills, for n > 0, 
the recurrence relation: 

Pn+l{ X ) = ( X ~ Pn+N)p { nXx) ~ 1n+NPn\[x), 

with initial conditions p^[\x) = 0, p$ (x) = 1. 

Notice that in the case of g-polynomials the existence of an integer N so that 
7tv = is directly related with the fact that there is a term of the form q~ N+1 
in the denominator parameters of one of the hypergeometric representations (see 
(|3.ip and (|4.2[) ). In such a case the hypergeometric function p ip p -i with a suitable 
normalization factorizes as follows: 
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Let a = {eti, . . . , a p _i} and b = {b\ 

(q~ N+1 ;q)n+Np<Pp- 



, b p - 2 }, then 



q- n - N ,a 



- N +\b 



q; z 



(q 



-n-N. 



q)N {a;q)N 



jv « 



(b; q) N {q;q)N 

(q N +^-q) n (a;q) N z N 



E 



(g n ;q)k(aq N ;q)kZ k (q;q)n 
(bq N ;q) k (q»+i;q) k (q;q) k 



( _ 1)JVgi v(-n-iV)+iV(JV-i)/2 p ^_ i 



q- n ,aq N 
q N+1 ,bq N 



(b; g)jv 

Hence it is straightforward combining to obtain the following factorization 
(5.2) 



q;z 



(q 



-N+l. 



q)n+Np l Pp-l 



q- n - N ,a 
q- N +\b 

X p(fi p -i 



q;z 



-nN (N+l 



(<z iV+1 ;g)n(g 



-N+l. 



q) 



N 



q- N ,a 
- N +\b 



q;z pifip-! 



q- n ,aq N 



iN+l 



,bq 



N 



q\z 



Notice that the first hypergeometric function of the right-hand side of (|5.2p . with 
its corresponding normalization coefficient, is the polynomial of degree N and the 
second one is the Nth. associated polynomial in the factorization (|5.ip for n — > n+N. 
Table |31 shows the Nth associated polynomial. 

In the sequel we are going to assume that no element of b belongs to 0(g), 
therefore theorem 12.61 is applicable in such a case. Let us go on to describe how to 
obtain functionals Jzfo, J£n and the linear operator = £? N in (|2.4[) . 

Obviously -£?o(p) = f (u,p) where u is the linear form with respect to the co- 
rresponding family of ^-polynomials {p n )n=i lB orthogonal. Moreover, due the 
difference properties of such families is going to be a difference operator and 
J?]\r(p) = £ (v,p) where v is the linear form with respect to the polynomial sequence 
n+N ) is orthogonal [IT]. 

Let us describe briefly the most complicated case: the g-Racah polynomials. 

Notice that setting a = q~ N then the iVth 7's coefficient for g-Racah polyno- 
mial vanishes [21] (3.2.3)], i.e. = 0, and therefore we can apply theorem 12.61 
obtaining: 



r { n ] (x; q N ,(3, 7,(5; q) = p n (fj,(x)/(2y/^Sq); q N i/jSq, y/qpyS , y/Sq/l , Viq/S; q), 
Moreover, taking into account that for these polynomials 



A 



- 1 



x 1 Tr n (^ix);a,p,j,S\q) = — : -r n _i(/i(a;); aqfiq^q, S\q), 

A/i(x) q 1 — 1 

and their connection with the Askey- Wilson polynomials (see table [5]) it is clear 
that the operator 2T — A/A/i(x) for which we obtain that £? N (r n (x; a, f3, 7, 5; q)) 
is, up to a constant, equal to 



P„( A1 (x)/(2VtV^ TT ); Vt^+\ \fqhSq N ,P^Sq N+1 h, \Jjq N+1 /S; q). 

Thus the linear functional v is related with the linear operator of Askey- Wilson 
polynomials with parameters yj r y5q N+1 , \Jq/^/5q N , (3y/ 5q N+1 /j, and y/jq N+1 /S. 
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Family and condition 




gH 


N t-^ N — 


1 


bgJ 


dgH 


N - 


1 


cdgH 


gK 


N - 


1 


bgJ 


QqK 


N^N- 


1 


gM 


AqK 


N - 


1 


bqL 


dqK 


N - 


1 


cdgH 



Nth associated polynomial 
p n (xq N ;aq N ,(3q N ,q N ;q) 



N-l 



Pn(xq ,q ,-pq 

m n (xq N ';q N , -p~V 
Pn(xq N ;pq N ,q N ;q) 



0;g) 
N ;q) 



cdgH p n (\(x)/(2y/cqi-"); y/cg^, yV^+Vc, 0|g) 

Table 3. ATth associated polynomials involved in the factorization (|5.1|) 



p n (x;aq N , f3q N ,l;g) 



P* 



/7 



gH 

dgH 

gK 

QgK 

AgK 

dgK 



Aq — 

A 
A//(a;) 

A 

A r 

A a' x 

Aq- X 

A 
AA(x) 



p n ( M ( a; )/(2 v VgW+r); V^+ T , vW^, VTg^+7%) 

PnCsjl.-p^-SOjg) 
m„(ic; l,-p _1 g _JV ;g) 

p n (x;pq N ,l;q) 

p„(A(x)/(2 v ^g);,/5g, ^/gA^g) 



Table 4. Unnormalized ^ N ^(p n +N) involved in factorization (|5.1 



gR-5> AW 

AW^ gR 

bgJ— > gH 
gH-^bgJ 

dgH— >cdgH 
cdgH— »dgH 

QgK^ gM 

gM^QgK 

QgK-^AgK 

AgK^QgK 

gK^lgJ 

lgJ^ gK 

AgK-^bgL 

bglwAgK 

lgJ-^bgJ 

gK^ bgJ 



r n {x\a 

p n (x;a 
p n (x;a. 
hn(x; a 
r n (x;j. 

Pn(x; a 

kf m (x 

m n (x;l 
kl tm (x: 

fan (^5 

Pn(x; 

Uaff 
"'n 

Pn{x 
PnO 



/3,7,<^;g) 

6,c, d; g) 
6,c; g) 
b,N;q) 
<5,iV;g) 

6,c|g) 

p,JV;g) 

,c; g) 
p,AT;g) 
p,AT;g) 
JV;g) 

M) 

p,N;q) 

b;q) 

b;q) 



Pn 



v7og> 

r n (2ax;f,f,f4;g 
h n (x;a,b, -l-log 9 c;g) 
p n (x;a,b,q- N - l ;q) 



_3_ a I Sq pw. 



Pn 



2^73^' 



7dg, 
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5 ' g ^ 



Vt3? 1 



%b 

q ' 



"in (z;g " %-j;g] 

fc«Wz;-l-log 6,-i;g) 
(zg J 

;p 

j N ,q- N -^, 
k n (bqx; -abq,-l - log, 6; g) 
p n (x;p, g"^" 1 ^) 
fc»^(a:; o,-l- log, JV;g) 
p n (bqx;b, a,0;q) 
Pn(x;q 



fc« im ( :E g- JV ;p- 1 ,7V;g- 1 ) 
p„ (zg^ ; -pg^ , <T W ~ 1 ; q) 



-N-l 



pq N ,0;q) 



Table 5. Some unnormalized identities between g-polynomials. 
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